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Abstract 

We consider a series of questions that grew out of determining when two quantum planes 
are isomorphic. In particular, we consider similar questions for quantum affine spaces and 
quantum matrix algebras. Additionally, we modify a result by Alev and Dumas to show 
that two quantum Weyl algebras are isomorphic if and only if their parameters are equal or 
inverses of each other. 



1 Introduction 

Quantum rigidity says that automorphism groups of quantum spaces should be small in some 
sense. Analogously, there should be relatively few isomorphisms between quantum spaces of 
the same type. In this paper we study the isomorphism problem for quantum affine n-spaces, 
quantum matrix algebras, and quantum Weyl algebras. 



It can be shown that two quantum planes, Op{k'^) and Oq{k'^), are isomorphic if and only 



if p = q^^ (Corollary 3.5 1. There are multiple approaches to this proof. If one considers only 
graded isomorphisms, then the result follows by considering C'p(fc^) and Og{k'^) as geometric 
algebras (see [9]). Our result considers the defining relations of the algebras. As an extension of 
this problem, we consider isomorphisms of quantum affine space and quantum matrix algebras 

Throughout, is a field and all algebras are fc- algebras. Isomorphisms should be read as 
'isomorphisms as A;-algebras'. An algebra is said to be graded (or N-graded) if A has a direct 
sum decomposition A = 0^gj!j Ad by abelian groups and AdA^. C A^+e- An element a ^ Ad 
is said to be homogeneous with degree d. If Aq = k, then A is said to be connected graded. If 
Ai generates A as an algebra, then A is said to be generated in degree 1 and a basis for Ai is 
a generating basis for A. If Ai is finite-dimensional, then A is said to be affine. All algebras 
considered in this paper are affine connected graded and generated in degree 1 with the exception 
of the quantum Weyl algebras. 

If R is an affine connected graded algebra and a ^ R, then we can decompose a into its 
homogeneous components, a = oq + • • • + an, ad G Ad. If ^ : R ^ S is a. map between affine 
connected graded algebras and Xi a generating element, we denote by the homogeneous 

degree d component of the image of Xi under We frequently make use of the graded structure 
and defining relations of the various algebras. By T{i,j) we mean the image of the defining 
relation determined by Xj and xj under Denote by Td{i,j) the degree d component of T{i, j). 
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The definitions presented below are well-known and there are many excellent sources. Our 
primary source is |[3| . 



Quantum affine space We say q G ) is multiplicatively antisymmetric if qa = 1 and 

qij = qj^ for all i ^ j. Let An C A4n{k^) be the subset of multiplicatively antisymmetric 
matrices. The symmetric group on n letters, Sn, acts on An by a. A = [a„(^i-^„(^j-^] for A G An- 
We say p is a permutation of q if there exists a £ Sn such that p = cr.q. 

For q G An, the quantum affine n-space C'q(/c") is defined as the algebra with generating 
basis {xi}, 1 < i < n, subject to the relations for all 1 < i, j < n. We prove that 

two quantum affine spaces, Op(A;") and Cq(fe'^), are isomorphic if and only if p is a permutation 



of q (Theorem 3.4 1. 



Quantum Matrix algebras Let g G . The single parameter quantum matrix algebras 
Oq{Mn{k)) is the algebra with generating basis {Xij}, I < i, j < n, subject to the relations 



qXimXij i>l,j = m 

qXimXij i = l,j > m 

XimXij i>l,j<m 

XimXij + {q - q-'^)XimXij i>l,j>m. 



The isomorphism result here is identical to that for the quantum planes (Proposition 4.2 1. 
The quantum determinant in Og{Mn{k)) is 

-Dg = ^ (-9)^^''''-'^l,7r(l)-'^2,7r(2) " " ■^n,7T{n), 

where ^(vr) denotes the length of the permutation it. If q is not a root of unity, then the element 
Dq is central and Z{Oq{Mn{k))) = k[Dq]. Then quantum coordinate rings of GL„ and SL„ are 
defined as 

Oq{G\.n{k)) = Oq{Mn{k))[D^^\ and 

Og(SL„(A:)) = Oq{Mn{k))/{Dq - l)Oq{Mn{k)). 

If p and q are not roots of unity, then any isomorphism Op{Mn{k)) — Oq{Mn{k)) pre- 
serves the quantum determinant and so extends to isomorphisms C'p(GL„(A;)) — )• Oq(GL„(fc)) 
and C'p(SL„(A:)) ^ Oq{Sl.n{k)). We conjecture that C'p(GL„(A:)) ^ C'g(GL„(fc)) and 
C'p(SL„(A;)) ^ Oq{Sl.n{k)) if and only if p = q^^. 

The multi-parameter quantum n x n matrix algebra, Ox,p(Mn{k)), is defined by the gen- 
erating basis {Xij}, 1 < i,j < n, and parameters A G /c^, p G An- The defining relations 
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are 



PilPmjXlmXij + (A - l)pilXijXim i> l,j > Ul 
XpilPmjXimXij i> l,j <m 

PmjXimXij i = l,j > m. 



Because of the parameter A, we do not expect a result as simple as that for the quantum affine 
spaces. However, we can provide a related result for the case of n = 2. 

Certain ambiskew polynomial rings In f6l, Jordan defines a class of iterated skew polynomial 
rings with basis {xi, X2, ^3, X4} and parameters a, b,pi,p2 G subject to the relations 

X4X1 = axiXi X2X1 = p^^a^^xiX2 xix^ = pix^xi 

X4X3 = 6x3X4 X2X3 = pi6"-'^X3X2 X2X4 = ^22:4^:2 + (1 - P2ab)xiX3. 

Denote these algebras by R{a, b,pi,p2). Making the identifications xi = Xq^^Xi2, X2 = X22, 
X3 = X21, X4 = Xii, we see that R{q~^, X~^q, A^^g^, 1) is isomorphic to Ox^q{M2{k)) where 
912 = Q- In Section |4~T| we given necessary and sufficient conditions for two rings of the form 
R{a, 6,pi, 1) to be isomorphic. 



Jordan matrix algebra There is an additional 'quantum matrix algebra' corresponding to the 
Jordan plane. As defined in |8|, the algebra Oj{M2{k)) has generating basis {a, 6, c, d} subject 
to the relations 

= [a, b]-b^ = [b, c] - [a, d] + bd + db= [c, d]-d^ + ad-bc- bd 
= [a, c\ — (? = [6, c] + [a, d\ — cd — dc= [b, d\ — d^ + ad — cb — cd. 

The corresponding determinant is given hy D = ad — b{c + d). One can check (either by hand or 
using the Grobner basis package in GAP), that D^b = 0, as asserted in [8|. Hence, Oj{M2{k)) 
is not a domain and therefore not isomorphic to the quantum matrix algebras considered above. 



Quantum Weyl algebras The quantum Weyl algebra, Al{k), is generated by two elements x 
and y, subject the relation xy — qyx = 1, q £ k^ . Itis affine and generated in degree 1 but not 
graded. Instead, the algebra has a filtration by subspaces = {y*x-^ | i, J G N, i + j < d}. 
Then Wd C W^+i, W^We C W^+e, and (Jd = A\{k). 

We prove that Af[{k) = A\{k) if and only ifp = q^^. Our proof of this theorem is split into 
two propositions (Proposition |5 . 2 1 and |5 . 3 1 ) . This result was proved recently in greater generality 
in | [T0| in the context of quantum generalized Weyl algebras. We offer a different approach, by 
adapting the proof of Proposition 1.5 in yj by Alev and Dumas. 
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2 General results 



Our general strategy is to consider the image of certain defining relations under a given isomor- 
phism. The images of the generators can be controlled to a great degree by the graded structure 
on these algebras. 

Throughout this section, let $ : i? — S" be an isomorphism between affine connected graded 
algebras. Let {xj} (resp. {yi}) be a generating basis for R (resp. S), 1 < i < n. 

Lemma 2.1. The degree 1 component of^{xi) is nonzero for all i, 1 < i < n. 

Proof. The isomorphism $ is completely determined by its action on the Xj. Hence, the elements 
{^{xi)} generate all of 5. If ^i{xi) = for all i, then im<I> contains no degree 1 elements, a 
contradiction. Suppose there exists / such that <I>i(x/) = 0. For convenience, let I = 1. Let / be 
the ideal of S generated by monomials of degree at least 2. If ^{xi) is the image of in S/I, 
then Span^{$i(x2), . . . , ^i{xn)} = Si/ 1. This gives n linear equations 
n 

yi = ^^Oiij^i{xj), l<i<n. 
i=2 

The graded structure on S implies the yi are linearly dependent. □ 

The next step is to show that the constant term of the image of each generator is zero. This 
will hold so long as the generator is not central. 

Lemma 2.2. If there exists Xj such that XiXj — rxjxt = for some r G k^, r / 1, then 
Mxi) = 0. 

Proof. Suppose ^o{xi) / for some i. By hypothesis, there exists Xj and r / 0, 1 such that 

XiXj - rxjXi = 0. Let T{i,j) = ^{xi)^{xj) - r$(xj)$(xi). Then 

ro(i,j) = ^o(xi)$o(xj)(l-r) = 0, 

so ^o{xj) = 0. Thus, Ti{i,j) = ^o{xi)^i{xj){l - r) = 0. Since ^i{xj) / by Lemma [TT 
then Ti{i,j) 7^ 0, a contradiction. □ 

Denote by Z{A) the center of the algebra A. It is clear that the above lemma applies to 
Cq(^")> Oq{Mn{k)), and Ox^q,{Mn{k)) so long as no generator lies in the center. Hence, we 
must show that there is some kind of 'cancellation-type' result that will allow us to reduce to the 
case where there are no commutative generators. This is handled in the next lemma. 

Lemma 2.3. If exactly m of the {xi} are central, then exactly m of the {yi} are central. 

Proof. Let {zi, . . . , Zm] (resp. {Zi, . . . , Zm'}) be the central generators of R (resp. S). Note 
that {Zi} may not generate all of Z{S). However, we do have Span;j{<I>i(2;j)} C Spanjr.{Zj}. 
Hence, m < m'. Reversing the argument shows m' < m. □ 
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3 Quantum affine spaces 



By (g, Lemma II.9.7), GK.dim(Op(A:")) = n. Hence, if C'p(A:") ^ C'q(/i:"'), then n = m. 
Throughout this section, let {xj} (resp. {i/i}) be a generating basis for Op{k'^) (resp. C'q(fc")). 

Lemma 3.1. Ifp is a permutation of c{, then C'p(/c") = C'q(A;"). 

Proof. Letcj € 5„ be such that p = cr.q. We wishto define ahomomorphism C'p(/c") — ^ C'q(/c") 
via the rule = ya{i)- For all j, I < i, j < n, this rule gives 

^{Xi)^{Xj) -pij<!>{Xj)<^{Xi) = ya{i)ya{j) " Qa(i)aU)ya(j)ya{i) = 0- 

Hence, <I> extends to a homomorphism which is clearly bijective. □ 
We now proceed to proving the converse. 

Lemma 3.2. Suppose xt ^ Z{Op{k^)). If^ : Op{k"') — )• Oq(/c") is an isomorphism, then for 
all I, I < I < n, t ^ I, there exists 1 < r, s < n with pu = qrs- 



Proof. By Lemma [2^2} ^o{xi) = for each i, 1 < i < n. Write ^i{xt) = ^Oiyi and 
M^i) = El3iyi- Letr(t,/) = ^{xt)^ixi) -ptMxi)^xt). Then 

= T2{t, /) = (!- pti) 1 ^ adf^dyj I + X] ~ Pti^i'^j) ViVj- 

\d=l / l<i7^j<n 

If Pt/ = 1> then the first sum vanishes and we are left with 

l<i<j<n 

Hence, either qij = 1 for some i < j or else UiPj = PiUj for all i < j. In the latter case, there 
exists in such that am, 7^ 0, since otherwise we could choose i < j such that aij5j / but 
fiiUj = 0. Then 

«m ^(a^t) =yra + yi = ym + -^yi = Pm ^{Xl). 

. I Ot m . I Pni 

Hence, ^{a^^xt — jS^^xi) = 0. Because <I> is an isomorphism, a^xt—(3:^^xi = 0, contradicting 
the linear independence of xt and xi. 

Now suppose pti 7^ 1. Then = or /S^ = for each d. Thus, 

T2{t, I) = ^ - PtiPiOij) + qij{(iiaj - ptiOi/Sj)] yiyj 

l<i<j<n 

= ^ - qijPti) + ^iOjiqij - pti)] yiyj. 

l<«<j<n 



By Lemma 2. 1 there exists r, s such that 7^ and /3s 7^ 0. Thus, pu = qrs ii r < s and 



Pii = Qrs^ = Qsr if r > s. □ 
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There is one remaining issue. We may have pn — q^s and pti = qr's' for distinct pairs (r, s) 
and (r', s'). This is handled in the next lemma. 

Lemma 3.3. Suppose no generator of Op{k'^) is central. If ^ : Op{k"') — )- C'q(A;") is an 
isomorphism, then p is a permutation of(\. 

Proof. Write '^i{xi) = J2]=i^ijyj' ^ij ^ ^- Let M = (ajj) e M.n{k). Because $ is an 
isomorphism, then det M ^ 0. 

Suppose there exists j such that aj^ , Oj/j 7^ for i / i'. By Lemma 3.2 for every / there 
exists s, 1 < s < n, such that pu = qjs = Pi'i- Thus, we can add linear combinations of rows i 
and i' in M since the corresponding parameters match. 

Therefore, we can reduce M to a matrix M' in which each row contains one nonzero 
entry. Thus, M' corresponds to an isomorphism ^' : Op(/c") — >• Oq(A;") such that, for each i, 
^1 (a^j) = /3ryr> /3r £ ■ Moreover, the r corresponding to each i is unique. We then define a 
permutation cr G by (7(i) = r. Let T{i,j) = "i?{xi)'^{xj) — pij"^{xj)"^{xi). Then 

= T2(z,j) = /3if3j {ya(i)ya{j) - Pijya{j)ya{i)) = PiPj{qu{i)a{j) - Pij)ya{j)ya{i) ■ 

Hence, 9<7(i)<7(i) = Pij^ so p = a.q. □ 
Theorem 3.4. C'p(/c") = C'q(A;") j/awJ only p a permutation of(\. 



Proof. Sufficient conditions for an isomorphism are handled in Lemma 3.1 



Suppose C'p(A;") = C'q(A:"). If C'p(A:") has exactly m commutative generators, then Oq(fc") 
must have exactly the same number by Lemma 2.3 By renaming the generators, there is no loss 
in assuming xi, . . . , Xn-m ^ ^(C'p(^")) while • • • , € 2(C'p(/c")) and similarly 

for the yi. Hence, ^>i(xi), . . . , ^i{xn-m) generate Span;,{yi, . . . , yn-m}- Then Lemma [3J] 
gives a permutation a' G Sn-m- Thus, we define a permutation, a G S'n by a{i) = a'{i) if 
i < n — m and otherwise cj(i) = i It follows that p = cr.q. □ 

Corollary 3.5. Op{k'^) = Oq{k'^) are isomorphic if and only ifp = q"^^. 



4 Quantum matrix algebras 

The skew polynomial construction of Oq{Mn{k)) implies GK.dim(C'g(M„(A;))) = (Q, 
Lemma II.9.7). Hence, Op{Mmik)) = Oq{Mn{k)) implies m = n. Let {Xij] (resp. {Fy}) be 
a generating basis for Op(M„(/c)) (resp. Oq{Mn{k))). 

Proposition 4.1. Ifp = q^^, then Op{Mn{k)) ^ Oq{Mn{k)). 

Proof. \fp = q, then there is nothing to prove. Ifp = q^^, then define a rule <^{Xij) = Y^s 
where r = {n + \ — i) and s = (n + 1 — j). We must check that this rule satisfies the defining 
relations for Oq{Mn{k)). We check the first relation and leave the remainder for the reader. 
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Suppose i > I and j = m. Let r, s be as above and let u = {n + I — I), v = n + 1 — m. Then, 
r < u and s = v. Thus, 



^{X^j)^{Xim) - p^{Xim)^{Xij) = YrsYuv - pYuvYrs = {I - pq)YrsYu.o = 0. 

Thus, $ induces a homomorphism Op(Mn{k)) — )■ ©^(^/^(/c)). This homomorphism is clearly 
bijective and therefore an isomorphism. □ 

We now show that these are the only isomorphisms. 

Proposition 4.2. If ^ : Op{Mn{k)) — ^ Oq{Mn{k)) is an isomorphism, then p = q^^. 

Proof. Since C'i(Af„(fc)) is commutative, then C'i(M„(A;)) ^ Oq{Mn{k)) implies q = 1. 
Suppose p,q^ 1. Write <I>i(X22) = arsYrs and $i(Xi2) = brsYrs- Then, 

T2 = T{{2, 2)(1, 2)) = $(X22)$(Xi2) - p^{Xi2)^{X22) 

= {l-p)\ ^ ajj-ftiji;^ ^ {aijbim + aimbij)YimYij 

\ l<i,j<n / i>l,j>m 

+ ^ {{P- q)aijbim + (1 - m) 

l>l,j=m 
i=l,j>m 

m ~l~ Oilmbij ) + iq-q ^){aijbim - paimbij)) YimYij. 

i>l,j<m 



The coefficients of the Y-j imply that, for all {i,j), either aij = or bij = 0. By Lemma 2.1 
there exists {i,j) 7^ (/, m) such that aij, bim / 0. If i > / and j > m, then the coefficient of 
YimYij is (1 - p){aijbim + a/m&ij) = 0. One of aijkm, aimhj must be zero, which implies 
that either they are both zero or (1 — p) = 0. The latter case contradicts our hypothesis. It then 
follows that ifi > I and j < m, then aijbim — paimbij = 0. Hence, 

T2= ^ {{p - q)aijbim + (1 - pq)aimbij) YimYij 

l>l,j=m 
i=l,j>m 

m ~l~ aimbij)YimYij . 

i>l,j<m 

Similar logic to the above shows that aijbim = aimhj = when i > I and j < m. Therefore, 



T2= ^ {{p - q)aijbim + (1 - pq)aimbij) YimYij. 

i>l,j=m 
i=l,j>m 

It now follows easily that either p = qox p = q^^. □ 
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4.1 Certain ambiskew polynomial rings 

We now consider the ambiskew polynomial rings defined in the introduction. Throughout this 
section, let {xj} (resp. {ui}) be a generating basis for R{c, d, qi,q2) (resp. R{a, 6,^1,^2))- 

Proposition 4.3. The following algebras are isomorphic to R{a, b,pi,p2): 

(1) R{p];'^a'^,pib''^,pi,p2^), 

(2) R{b,a,p^\p2), 

(3) R{p^^a~\pib-\p^\p^^). 

Proof. Let R{c, d, qi, 52) be one of (l)-(3). We define a rule in each case by 

(1) xi iH> abyi,X2 ^ y4,X3 ^ ys^x^ ^ y2, 

(2) xi ^ Piy3,x2 ^ y2,X3 ^ yi,X4 i-> y4, 

(3) xi H> piaby3,X2 ^ 2/4, 2:3 ^ yi,X4^ 2/2- 

We leave it to the reader to verify that these indeed satisfy the defining relations of R{a, b, pi,P2) 
and therefore define bijective homomorphisms i?(c, d, qi, 52) R{a, b,pi,p2). □ 

At the present time, we are most interested in the multi-parameter quantum matrix algebras. 
Hence, we take P2,q2 = 1- Then there is no confusion in writing p = pi and q = qi- Moreover, 
we assume that c, d, cd, qc, qd^^, qc^, qd~^ 7^ 1. These last two requirements, in terms of the 
matrix algebras, both translate to A 7^ 1. 

Proposition 4.4. With the above hypotheses, if^ : i?(c, d, q, 1) — )■ R{a, b,p, 1) is an isomor- 



phism, then R{c, d, q, 1) is one of (1 )-(3) in Proposition 4.3 



Proof. Because of our hypotheses on the parameters, $o(^j) = for each i, 1 < i < A. Write, 
^i{xi) = X;r=i (^iiyi for each i. 



Consider T2(13). As in the proof of Proposition 4.2 the coefficient of y^ is aija3j{l — q) 



for each j, I < j < n. Hence, for each j, ay = or a3j = 0. The coefficient of y4y2 is 
(1 — q){ai2a34 + 014032). Suppose 012 7^ or 014 7^ 0, then we must have 032 = and 
034 = 0. If we now repeat this with the remaining commutation relations for xi, then we 
get 022 = "24 = "42 = 044 = 0. But then dim(Span{$i(x2), $i(x3), $i(x4)}) = 2, a 
contradiction. We arrive at the same result is we assume 032 = or 034 = 0. 

Now T2(13) = {ana33{p — q) + 0130:31(1 — pq))y3yi and so we have two possibilities, 
either p = q ox p = q~^ . This now implies that 021 = 023 = 041 = 043 = 0. 

Case I {p = q) In this case, <I>i(xi) = onj/i and <I>i(x3) = 0337/3 with 011,033 7^ 0. Then 

r2(4i) = (0422/2 + 0442/4)0112/1 - C0112/1 (0422/2 + 0442/4) 

= an [042(1 - pac)2/22/i + 044(0 - 0)2/12/4] 
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If Q!42 and Q!44 are both nonzero, then 1 — pac = and a — c = implying pc^ = 1, contra- 
dicting our hypothesis. Hence, either c = a or c = {pa)~^, and, depending on the choice, the 
commutation relation for X4 and xs implies d = b or d = ph"^, respectively. 

Case 2 {p = q^^) In this case, <I>i(xi) = aisys and <I>i(x3) = asiyi with 013,031 / 0. 
Then 

?2(41) = (042^2 + 044^4)0132/3 - £013^3(0422/2 + 0442/4) 



If 042 and 044 are both nonzero, then pb ^ = c and b = c implying qc^ = 1, contradicting our 
hypothesis. Hence, either c = 6 or c = pb~^, and, depending on the choice, the commutation 



The problem with applying this approach to the general case {p2,q2 7^ 1) is that 012 7^ no 
longer implies 034 = 0. Further restrictions on the defining parameters would allow this proof to 
carry through. Otherwise, it seems clear that another approach will be necessary. 

5 Quantum Weyl algebras 

In this section we assume charA; = 0. In this case, the quantum Weyl algebra, Al{k), is simple 
if and only if q = 1. Moreover, Aut{Al{k)) = k unless g = ±1 ||T|. Thus, there is no loss in 
assuming henceforth thatp, q 7^ ±1. 

Let {X, y} (resp. {x,y}) be a generating basis for A^{k) (resp. Al{k)) and define the 
normal elements Z = XY — YX € A^{k) and z = xy — yx ^ Al{k). 

Proposition 5.1. Ifp = q^^, then A^{k) = Al{k). 

Proof. If p = q, then there is nothing to prove. If p = q~^, then define a rule by 9{X) = qy and 
e{Y) = -X. Then, 



e{X)e{Y) - q-^e{Y)e{X) - l = -qyx + xy - 1 = 0. 
Hence, 6 extends to a homomorphism A^{k) — A\{k). Moreover, the map is bijective and 



Recall that A\{k) is PI if and only if g is a primitive root of unity of order i, in which case 
Z{A\{k)) = k[x^, y^], and otherwise Z{Al{k)) = k ([2|, Lemma 2.2). Hence, we can split our 
result into the two following propositions. 

Proposition 5.2. Let p,q G k^ with p,q non-roots of unity. If 6 : A^{k) — t- Al{k) is an 
isomorphism, then p = q^^. 




relation for X4 and X3 implies d = a or d = p a , respectively. 



□ 



therefore an isomorphism. 



□ 
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Proof. By Q, the intersection of all nonzero prime ideals in A\{k) (resp. A\{k)) is ZA^{k) 
(resp. zAlik)). Hence, e{ZA{{k)) = d{Z)9{AP{k)) = 9{Z)Al{k). Since e{Z) G zAl{k), 
then = Xz for some A G ^i(^)- We claim A G A;^. The ideal zAl{k) is generated by z, so 
there exists g G such that g ■ Xz = z. Hence, A is a unit in Al{k) and therefore A G /c^. 

This gives 9{Z) = Xz = X{xy — yx) = X{q — l)yx + A, and so, 

e{X)e{Y) = e{Y)9{X) + X{q - l)yx + A. 

Since 6 is an isomorphism, 

= e{XY - pYx - 1) = e{x)e{Y) - pe{Y)e{x) - 1 
= {e{Y)e{x) + x{q - i)yx + A) - pe{Y)e{x) - 1 

= (1 - p)e{Y)e{X) + X{q - l)yx + (A - 1), 

and so, 

e{Y)e{X) = {p- (A(g - l)yx + (A - 1)) . (4) 

We claim the degrees of 6{X) and 0{Y) in A^(fc) are both 1. Write 6{X) = a = cq H an, 

On / 0, and 9{Y) = b = bo + ■ ■ ■ bm, bm / 0, wherein is the sum of the monomomials of 
total degree d written according to the filtration {y^x^ \ hj ^ N} (and similarly for bd). Because 
Al{k) is a domain, the highest degree component of 9{Y)9{X) is bmCin 7^ 0. If n or m is greater 
than 1, then the left hand side of ([^ will have degree greater than 2, a contradiction. This proves 
the claim. Thus, we can write 9{X) = ax + jSy + ^ and 9(Y) = a'x + P'y + 7'. Substituting 
this into gives 

a' ax^ + a' (3xy + a'jx + j3'ayx + (3' Py'^ + fi'^y + 7'ax + 7'/3y + 7'7 

= A -yx^ (*) 

p — 1 p — 1 

Thus, a'a = (3 = 0. If a = /3 = 0, then 9{X) is a constant and similarly for 9{Y) if 
a' = /3' = 0. 

If a' = /3 = 0, then @ reduces to 

(3'ayx + (3'jy + ■j'ax + 7'7 = (p — l)~^{X{q — l)yx + (A — 1)). 

Thus, 13' a / but (3'^ = 7'a = so 7 = 7' = 0. This holds only if A = 1 so 

= 9{XY - pYX - 1) = /3'a(xy - pyx) - 1 
= (3'a{qyx + 1 — pyx) — 1 = (3'a{q — p)yx + {(3'a — 1). 

Therefore, p = q. 
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Otherwise, a = (3' = and (|^ reduces to 

a'(3xy + a'jx + j' j3y + j'j = {p - l)~^{X{q - l)yx + (A - 1)) 
a'l3{qyx + 1) + a'-fx + j'Py + Yt = (p - l)"^(A(g - l)yx + (A - 1)) 
qa'l3yx + aV + py + (a'/3 + 77) = {p - l)"^(A(g - l)yx + (A - 1)). 

As above, 7 = 7' = so 

= e{XY - pYX - 1) = a(3{yx - pxy) - 1 
= a'/3{yx — p{qyx + 1)) — 1 = a'/3(l — pq)yx — {pa' (3 + 1). 

Therefore, p = q^^. □ 

Proposition 5.3. Let p, q £ with p,q ±1 primitive roots of unity. If 9 : A\{k) — A\{k) is 
an isomorphism, then p = q^^. 

Proof. Decompose 9{X), 6{Y), an and bm as before. Again, choose r, s minimal such that 
an,r,bm,s / 0. As = 6{XY — pYX — I) = ab — pba — 1, the highest y-degree term in 

anbm-pbman is an,rbm,s - pq'^^'^^] yn+n.-r~s ^r+s ^ q_ ^^^^^ 

This implies that p = Likewise, q = p^ for some i G N. Thus, p and q are roots of 

unity of the same order i. Hence, = k[X^,Y'^] and Z{Al{k)) = k[x\y% Then 

e{X^) = a^ = a'^^ + a'„^_i + ■ ■ ■ a'^ where 

rl-l 

i=o 

with G Z and a^^ G k. Similarly, e{Y'^) = b^ = b'^j, + H where 

sl-\ 

b'mi = f^L,sQ'"y'^-'x'' + E f^'mMV""'-'^'- (2) 

i=o 

The restriction of 9 to the centers of the respective algebras determines an automorphism of the 
polynomial ring in two variables. Because X^ and Y^ are central, then a'g = /3g = if e ^ 
modulo £ and a'^^, ■ = (3'^^ ^ = if j ^ modulo I. Lemma 2 of Q shows that there are three 
possibilities for an automorphism of the polynomial ring in two variables (see also ||T|). 

Case 1: There exists t G Z>o and \ G k such that a'^^ = A(5'^£)*. Substituting into (jlj) 
and ^ shows that r = st and n = mt, so ns = mr. Then pq^'^-^^ = \ implies p = 1, a 
contradiction. 

Case 2: There exists t G Z>o and X £ k such that b'^^ = A(a^^)*. This gives the same 
contradiction as above. 

Case 3: e{X^) = (x^ + ^y^ + u and e{Y^') = C'x^ + C'/ + ^' with C, C', C, ^' G k. 



Hence, the degree of 6{X) and 9{Y) is 1 and we refer to the proof of Proposition 5.2 □ 
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